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Abstract
The c-axis quasiparticle conductivity shows different behavior depending on
the nature of the interlayer coupling. For coherent coupling with a constant
hopping amplitude t⊥, the conductivity at zero frequency and zero tempera-
ture σ(0, 0) depends on the direction of the magnetic field, but it does not for
angle-dependent hopping t(φ) which removes the contribution of the nodal
quasiparticles. For incoherent coupling, the conductivity is also independent
of field direction and changes only when paramagnetic effects are included.
The conductivity sum rule can be used to determine the admixture of coherent
to incoherent coupling. The value of σ(0, 0) can be dominated by t⊥ while at
the same time t(φ) dominates the temperature dependence of the superfluid
density.
PACS numbers: 74.20.-z,74.25.Gz
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I. INTRODUCTION
The nature of the interlayer coupling between two adjacent CuO2 planes in the cuprates is
an important issue that remains unresolved. Suggestions include effects of strong intralayer
scattering,1 non-Fermi liquid ground states,2 the general phenomenon of confinement,3 inter-
and in-plane charge fluctuations,4 indirect c-axis coupling through the particle-particle
channel,5 as well as resonant tunneling on localized states in the blocking layer6 and two
band models.7 Coherent coupling originates from an overlap of the electronic wave functions
between planes, and in-plane momentum is conserved in interlayer hopping. By contrast
for impurity-mediated incoherent coupling, the in-plane momentum is not constraint. It
has been shown that the c-axis conductivity sum rule depends on the nature of interlayer
coupling.8 Coherent coupling obeys the conventional sum rule9 regardless of the angular
dependence of the interlayer hopping amplitude. On the other hand, incoherent coupling
violates the sum rule even if the in-plane dynamics can be described by a Fermi liquid.
However, in order to explain the violation observed in some experiments,10 it was also nec-
essary to include the non-Fermi liquid nature of the in-plane dynamics.11 For YBa2Cu3O7−δ
at optimum doping, a conventional c-axis sum rule is observed10 which is consistent with
coherent c-axis coupling and an in-plane Fermi liquid. For the underdoped case, a pseudogap
is observed and the sum rule is closer to 1/2.10,12 This value can most easily be understood
as a pseudogap effect with incoherent c-axis coupling.11
Another interesting example of the interlayer coupling is the c-axis conductivity due to
low lying quasiparticles at zero temperature and zero frequency. A method for observing the
quasiparticle current is to measure the hysteretic c-axis tunneling current-voltage charac-
teristics of layered cuprates.13 For measurements of the optical conductivity which includes
the pair tunneling, see Ref.14 For coherent coupling with a constant hopping amplitude t⊥,
the c-axis quasiparticle conductivity σ(w → 0, T → 0) shows a residual value indepen-
dent of the in-plane scattering rate γ ≪ ∆0 (gap) to leading order13 with the correction
−(γ/∆0)2. The underlying physics in this case is the same as for the in-plane quasiparticle
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conductivity;15–17 namely, the impurity-induced density of states at ω = 0 is canceled by
the decrease of quasiparticle lifetime. A universal value has been observed in YBa2Cu3O6.9
for the in-plane thermal conductivity.18 In some sense the thermal conductivity is an ideal
probe of universal behavior since, as opposed to the electrical conductivity, it is not renor-
malized by vertex and by Fermi-liquid corrections,16 and so there is less ambiguity in its
identification. The universal conductivity limit does not appear for coherent coupling with
an angle-dependent hopping amplitude of the form t(φ) = tφ cos
2(2φ) which is believed
to be appropriate for the copper oxides, where φ = tan−1(ky/kx) is an angle in the mo-
mentum space. In this case the c-axis quasiparticle conductivity is reduced by a factor of
(3/8) (γ/∆0)
2 as compared with the value of σ(w → 0, T → 0) for a constant t⊥ assuming the
same magnitude of hopping amplitude, which of course is not the case. This arises because
the angular dependence, cos2(2φ), eliminates the contribution of the quasiparticles on the
nodal lines from interlayer transport. For incoherent coupling, the residual conductivity is
proportional to
(
γ ln[∆0/γ]/∆0
)2
in leading order. Consequently, the universal value of the
c-axis quasiparticle conductivity is a characteristic only of coherent coupling with a constant
hopping amplitude. Geometrical consideration of the Cu and O atomic arrangements19,20
from plane to plane leads one to expect that the dominant overlapping of orbitals would lead
to a t(φ) form with possibly a subdominant constant piece t⊥. In this case, t⊥ would still
dominate the value of σ(0, 0) for very small γ, but the other terms would become important
as (γ/∆0)
2 corrections become larger in which case the term t(φ) or the incoherent part can
become important.
In this paper we investigate effects of interlayer couplings on the c-axis quasiparticle
transport in the absence, as well as in the presence of an in-plane magnetic field. It is
our aim in this paper to look at all three contributions of interlayer coupling in detail, and
our discussion of the magnetic field effects will not be restricted to the constant t⊥ as it is
in Ref.21 We also investigate the role played by the conductivity sum rule in quasiparticle
transport. We find that it can be used to fix the relative amount of coherent to incoherent
coupling. We also find that σ(ω, 0)/σ(0, 0) shows a different ω2 coefficient for ω < γ and
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σ(0, T )/σ(0, 0) a different T 2 coefficient (T < γ) depending on the nature of the coupling.
In the presence of an in-plane magnetic field, σq(0, 0) for coherent coupling with a constant
hopping amplitude t⊥ depends on the direction of the field
21 as does the coefficient of the
T 2 term in σq(0, T ), but such a dependence is negligible for an angle-dependent coherent
t(φ) because it removes the contribution from the nodal quasiparticles which otherwise
manifest the effect of field direction. For incoherent coupling, σq(0, 0) is independent of field
direction, and in fact changes only when a paramagnetic interaction is included. Here we
mention that there exist, in the literature, studies which consider effects of oxigen doping on
the c-axis transport and Coulomb charging effect6 associated with a pseudogap behavior.22
Such complication, however, is beyond the scope of the present paper.
This paper is organized as follows: In Sec. II, we derive general formulas associated with
the c-axis quasiparticle conductivity including paramagnetic effects. We describe, in Sec. III,
that effects of coherent coupling with a constant as well as with an angle-dependent hopping
amplitude on the c-axis quasiparticle transport with and without an in-plane magnetic field.
In Sec. IV, impurity-mediated incoherent c-axis coupling is considered. We also illustrate the
role of the conductivity sum rule in quasiparticle transport in Sec. V and draw conclusions
in Sec. VI.
II. FORMALISM
The Hamiltonian H for a cuprate superconductor with interlayer coupling can be written
as H = H0 +Hc, where H0 describes a d-wave superconductor and
Hc =
∑
σ,k,p
[
tk−pC
+
1σ(k)C2σ(p) + h.c
]
. (1)
The interlayer hopping amplitude tk−p depends on nature of c-axis couplings: i) tk−p =
t⊥δk−p for coherent coupling with a constant amplitude. ii) For an angluar dependent am-
plitude tk−p = tφδk−p cos
2(2φ). In the lattice, it can be seen from geometrical consideration19
that tφδk−p [cos(kxa)− cos(kya)]2 with an in-plane lattice constant a. ii) For incoherent cou-
pling tk−p = Vk−p and an impurity average is to be taken into account.
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Applying perturbation theory for Hc, we obtain the c-axis quasiparticle conductivity
σ(ω, T ) in terms of the electronic spectral weight function A(k, ǫ).
σ(ω) = −C
ω
∑
k,p
t2k−p
∫
dǫ [f(ǫ+ ω)− f(ǫ)]A(k, ǫ)A(p, ǫ+ ω) , (2)
where C is a constant which depends on the nature of interlayer coupling, f(ǫ) is the usual
Fermi thermal factor, and the spectral function
A(k, ǫ) =
γ(1 + ξk/Ek)
(ǫ− Ek)2 + γ2 +
γ(1− ξk/Ek)
(ǫ+ Ek)2 + γ2
(3)
with Ek =
√
ξ2k +∆
2
k. We assume ∆k = ∆0 [cos(kxa)− cos(kya)] (or ∆0 cos(2φ) in the
continuum limit) and a cylindrical Fermi surface with ξk = k
2/(2m) − ǫF measured from
the Fermi energy ǫF . As T → 0 and ω → 0, σ(0, 0) = C∑k,p t2k−pA(k, 0)A(p, 0). It is
easy to calculate σ(0, 0)(≡ σ0) for the couplings we mentioned earlier. To obtain the c-axis
quasiparticle conductivity at finite frequency ω at zero temperature, we take T → 0 limit
and assume ω < γ
σ(ω) ≃ −C∑
k,p
t2k−p
∫
dǫ
[
∂ǫf(ǫ) +
(
ω
2
)
∂2ǫ f(ǫ) +
(
ω2
6
)
∂3ǫ f(ǫ)
]
A(k, ǫ)A(p, ǫ+ ω)
≃ C∑
k,p
t2k−pA(k, 0)A(p, ω)− C
∑
k,p
t2k−p
(
ω
2
)
∂ǫA(k, ǫ)A(p, ǫ+ ω)
∣∣∣
ǫ=0
+ C
∑
k,p
t2k−p
(
ω2
6
)
∂2ǫA(k, ǫ)A(p, ǫ+ ω)
∣∣∣
ǫ=0
+ · · · (4)
where an expansion in ω has been made. The finite T corrections at ω = 0 will be considered
later along with an in-plane magnetic field.
In the presence of an in-plane magnetic field, we assume that the field penetrates freely
into the sample so that the field is uniform between the planes.21 This assumption should be
valid for Bi- and Tl-based cuprates which are nearly two dimensional. For YBCO, however,
there is a possibility that in-plane vortices form. This means that in such a case an average
over vortices in a unit cell is required.23 The interlayer coupling Hamiltonian is modified by
the presence of a uniform in-plane magnetic field H as follows:
Hc =
∑
σ,k,p
[
tk−pC
+
1σ(k+ q)C2σ(p) + h.c
]
, (5)
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where q = (ed/2)(zˆ×H) with an interlayer distance d.
Following a procedure similar to the one we applied in the zero field case, we obtain the
c-axis quasiparticle conductivity σq(ω, T ) in the presence of an in-plane magnetic field,
σq(ω) = −C
ω
∑
k,p
t2k−p
∫
dǫ [f(ǫ+ ω)− f(ǫ)]A(k + q, ǫ)A(p, ǫ+ ω) . (6)
In our consideration, the energy scale associated with the magnetic field are always much less
than the gap ∆0. Due to an in-plane field, the quasiparticles gain an additional momentum
q on transferring to the next plane. In other words, the Bogoliubov-de Gennes (BdG) wave
functions24 uk(r) and vk(r) become uke
i(k+q)·r and vke
i(k+q)·r, respectively.25 The spectral
weight function becomes
A(k + q, ǫ) =
γ (1 + ξk+q/Ek+q)
(ǫ− Ek+q)2 + γ2
+
γ (1− ξk+q/Ek+q)
(ǫ+ Ek+q)
2 + γ2
, (7)
where Ek+q ≃
√
ξ2k+q +∆
2
k with ξk+q ≃ ξk + (k · q)/m. Note that the angular dependence
of σq comes from the factor (k · q)/m ≃ Eq cos(φ − θq), where Eq = vF q and θq is the
direction of q, which can be interpreted as the direction of the field (θ) because of the
symmetry in the problem. The gap seen by quasiparticles with a momentum k + q is not
∆k but ∆k+q; however, ∆k+q = ∆k + δq, where δq = qvG cos(φ + θq) with vG ≃ 2∆0/kF ,
and the correction δq makes a negligible contribution to the quasiparticle energy spectrum.
When the paramagnetic interaction is included, Ek+q → Ek+q ± µBH in the denominator
of A(k+ q, ǫ), where µB is the Bohr magneton. As ω → 0 and T → 0,
σq(ω → 0, T → 0) = C
∑
k,p
t2k−pA(k + q, 0)A(p, 0) . (8)
Based on symmetry consideration,15 one can easily deduce that the dependence of
σq(ω → 0, T → 0) ≡ σ(θ) on field angle θ has a period π/2 because of the d-wave gap.
The sign of the gap does not matter. Consequently,
σ(θ) =
∑
n=0
Cn cos(4nθ) , (9)
where the Cn’s depend on the ratio of the magnetic field energy to γ i.e., on Eq/γ and µBH/γ.
Since both Eq and µBH are linear to H , we can parameterize the ratio (Eq/µBH) ∼ d/a. We
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choose (Eq/µBH) = 6 for the high-Tc Bi- and Tl-based cuprates.
26 Another relation can be
deduced without detailed calculation. If we expand σ(θ) in terms of Eq/γ, then its angular
dependence will appear for the first time from the term (Eq/γ)
4 cos4(φ − θ) because the
fourth harmonic cos(4θ) comes from the cos4(θ) term. This means that γ < Eq is required
for any clear angular dependence to show up. For the eighth harmonic cos(8θ) to enter, the
field has to be even higher.
At a finite temperature T < γ, we apply the Sommerfeld expansion27 to σq(ω → 0, T ) ≡
σ(θ, T ) and obtain
σ(θ, T ) = −C∑
k,p
t2k−p
∫
dǫ
(
∂f(ǫ)
∂ǫ
)
A(k + q, ǫ)A(p, ǫ)
≃ σ(θ) + π
2
6
CT 2
∑
k,p
t2k−p
∂2
∂ǫ2
A(k + q, ǫ)A(p, ǫ)
∣∣∣
ǫ=0
≡ σ(θ)

1 + π2
6
(
T
γ
)2
α(θ)

 , (10)
where
α(θ) =
∂2
∂ǫ′2
∑
k,p t
2
k−pA(k + q, ǫ
′)A(p, ǫ′)
∣∣∣
ǫ′=0∑
k,p t
2
k−pA(k+ q, 0)A(p, 0)
, (11)
with ǫ′ = ǫ/γ.
We use the nodal approximation15,16 to describe the low temperature physics associated
with the quasiparticle transport because quasiparticles near the nodal lines dominantly
contribute to the resistive transport. Linearizing ξk and ∆k near the nodal points on the
Fermi surface (FS), we obtain ξk = vF (k · kˆ⊥ − kF ) and ∆k = vGk · kˆ‖, where vF (kF ) is the
Fermi velocity (momentum) and vG =
√
2a∆0 is the gap velocity.
28 The unit vector kˆ⊥ (kˆ‖)
is perpendicular (parallel) to the FS. These unit vectors will change depending on the nodal
line. For example, on the nodal line of φ = π/4, kˆ⊥ = (kˆx+kˆy)/
√
2 and kˆ‖ = (−kˆx+kˆy)/
√
2.
Since we include quasiparticles only near the nodal points on the FS in our considerations,
we will use the following procedure in the actual calculation.
∑
k
→ ∑
node
∫ dk⊥dk‖
(2π)2
→ ∑
node
∫
J dp1dp2 , (12)
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where p1 = vFk⊥, p2 = vGk‖ and J = [(2π)2vF vG]−1. The coordinate transformations
we made are rotation, translation and dilation. In the coordinate of (p1, p2), the energy
dispersion of the quasiparticle Ek becomes
√
p21 + p
2
2 < p0, where p0 ∼ O(∆0).
III. COHERENT COUPLING
In this section, we consider the effects of coherent coupling on c-axis quasiparticle trans-
port. Since tk−p = t⊥δk−p for a constant hopping amplitude, as ω → 0 and T → 0,
σ0 = C
∑
k t
2
⊥A(k, 0)
2. For ω < γ, we use the nodal approximation for Eq. (4). Then, up to
order (ω/γ)2,
σ(ω)
σ0
= 1 +
1
18
(
ω
γ
)2
, (13)
where σ0 is a constant independent of γ.
In the presence of a uniform in-plane field, the quasiparticle conductivity becomes
σ(θ) = C
∑
k
t2⊥A(k+ q, 0)A(k, 0) . (14)
Applying the substitution Eq. (12) to the above equation, we obtain without the paramag-
netic part
σ(θ) = t2⊥CJ
∑
node
∫
dϕ
∫
pdp
p2 + 1
× 1
p2 + 2(Eq/γ) cos(φ− θ)p cos(ϕ) + (Eq/γ)2 cos2(φ− θ) + 1 . (15)
It can be shown within the nodal approximation that φ = φn ± tan−1 [p2/vGkF ], where φn
is a direction on the nodal line; however, to a good approximation, we can replace φ by φn.
For the weak field case Eq < γ, we expand σ(θ) in terms of Eq/γ and obtain
σ(θ)
σ0
≃ 1− 1
12
(
Eq
γ
)2
+
1
80
[
1− 1
3
cos(4θ)
](
Eq
γ
)4
, (16)
where σ0 is the c-axis quasiparticle conductivity in the absence of the in-plane magnetic
field. As we see, the angular dependence of σ(θ) is small for a weak field. σ(θ) is maximum
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(minmum) when the in-plane field is along a nodal (anti-nodal) line. It can be physically
understood as follows: When H is along a nodal line, for example, θ = π/4, the angle of q
is 3π/4 because q ∝ (zˆ×H). Then, while the shifted momenta k+ q of the quasiparticles
with φ = π/4 and φ = 5π/4 deviate from the nodal regions when q is compatible with k,
quasiparticles with φ = 3π/4 and φ = 7π/4 remain in the nodal areas. This means the
remaining quasiparticles govern the c-axis transport when θ = π/4. On the other hand, for
θ = 0, all quasiparticles move away from the nodal regions due to the momentum shift q.
Therefore, σ(θ) < σ0 and σ(0) < σ(π/4) because of a mismatch between k and k+ q in the
interlayer transport.
In Fig. 1, we plot resistivity as a function of direction of the in-plane magnetic field,
ρ(θ) = 1/σ(θ) for various values of Eq with (solid line) and without (dashed line) the
paramagnetic interaction included. We reproduced results of Ref.21 for Eq/γ = 1, 2, and
4. As shown in Fig. 1, ρ(θ) is increased as the magnetic field increases, and it is decreased
for a give Eq when the paramagnetic interaction is considered because the interaction is
pair breaking. If we consider only the paramagnetic interaction, then the quasiparticle
conductivity σ has no θ dependence and increases as follows:
σ → σ0
[
1 +
(
µBH
γ
)
arctan
(
µBH
γ
)]
. (17)
The eighth harmonic clearly appears for Eq/γ = 12. Actually, it begins to appear when
Eq/γ >∼ 10. Interestingly, the paramagnetic interaction unambiguously reduces the ampli-
tude of ρ(θ) for a higher field (Eq ≫ γ). We also plot α(θ) of Eq. (10) for a finite T < γ in
Fig. 2. For reference in the absence of the magnetic field, α(θ) = 4/3 (dashed line).
In the case of an angle-dependent hopping amplitude tk−p = t(φ)δk−p, the c-axis quasi-
particle conductivity in zero field is σ0 = C
∑
k t(φ)
2A(k, 0)2. For ω < γ, using the nodal
approximation we obtain
σ(ω)
σ0
= 1 +
34
9
ln
(
∆0
γ
)(
ω
∆0
)2
, (18)
where σ0 ∝ (γ/∆0)2 in this case. Effects of the in-plane field on the c-axis quasiparticle
conductivity can be seen in the same way as before, namely,
9
σ(θ) = C
∑
k
t(φ)2A(k+ q, 0)A(k, 0) . (19)
Since t(φ) = tφ(p2/∆0)
2 within the nodal approximation, σ(θ) becomes without the param-
agnetic interaction
σ(θ) = t2φCJ
∑
node
∫
dϕ
∫
pdp
p2 + 1
(
p
∆0
)4
sin4(ϕ)
× 1
p2 + 2(Eq/γ) cos(φ− θ)p cos(ϕ) + (Eq/γ)2 cos2(φ− θ) + 1 . (20)
In this case, we find that σ(θ)/σ0 ≃ 1 without clear dependence on the direction of the
in-plane field, and α(θ) ∼ O [(γ/∆0)2 ln(∆0/γ)] in the leading order and the next order is
O [(Eq/∆0)2]; therefore, α(θ) is negligible. The c-axis quasiparticle conductivity is insen-
sitive to the in-plane magnetic field because the angle-dependent hopping amplitude t⊥(φ)
eliminates contributions of nodal quasiparticles, which otherwise manifest the effects of the
field.
IV. INCOHERENT COUPLING
For impurity-mediated incoherent coupling tk−p = Vk−p, we need a model for the impu-
rity scattering potential and need to carry out an average over impurity configurations. We
use a simple model29 for the scattering potential |Vk−p|2 = |V0|2 + |V1|2 cos(2φk) cos(2φp).
One may expand |Vk−p|2 with respect to scattering symmetry so that it is decomposed
|Vk−p|2 = |V0|2 +
∑
l,l′
|Vll′|2 cos[(4l + 2)φk] cos[(4l′ + 2)φp] , (21)
where l and l′ are integers. However, for the c-axis quasiparticle transport, only the
|V0|2 term gives a non-zero value to the conductivity. As ω → 0 and T → 0, σ0 =
C|V0|2∑k,pA(k, 0)A(p, 0). For ω < γ, it can be shown that
σ(ω)
σ0
= 1 +
1
3
(ω/γ)2
ln(∆0/γ)
, (22)
where σ0 ∝ [γ ln(∆0/γ)/∆0]2 for impurity-mediated incoherent coupling.
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In the presence of an in-plane magnetic field, the c-axis quasiparticle conductivity be-
comes
σ(θ) = C|V0|2
∑
k,p
A(k+ q, 0)A(p, 0) . (23)
As we see, the angular dependence of σ(θ) is determined by
∑
kA(k + q, 0). It can be
shown numerically and analytically that the field effect appears only as the paramagnetic
contribution. We present some analytic results, for example, in the weak field limit
∑
k
[
A(k+ q, 0)−A(k, 0)
]
≃ 2γ
πvGvF
h
(
µBH
γ
)
, (24)
where h(x) = x2− x4/6+ x6/15. Therefore, the c-axis quasiparticle conductivity for a weak
field becomes
σ(θ)
σ0
≃ 1 + h(µBH/γ)
ln(∆0/γ)
. (25)
Consequently, for incoherent coupling the in-plane magnetic field has no effect on the c-axis
quasiparticle transport if the paramagnetic interaction is not considered. Physically, the
momentum of the transport quasiparticle is not constraint in incoherent coupling so that
the change in momentum q does not matter. Since the paramagnetic interaction is pair
breaking, the magnitude of σ(θ) is increased but shows no angular dependence when this
interaction is included. At a finite temperature (T < γ), we use Eq. (10) and for a weak
field, α(θ) becomes
α(θ) ≃ 1 + (π
2/3)
[ln(∆0/γ) + h(µBH/γ)] [1− (µBH/γ)2] . (26)
V. C-AXIS CONDUCTIVITY SUM RULE
From the c-axis conductivity sum rule, the superfluid density ρs can be written in terms
of the missing spectral weight (Nn −Ns) and the theral averages of kinetic energy 〈Hc〉s(n)
of a superconducting (normal) state as follows:
11
ρs = (Nn −Ns)− 4πe2d
[
〈Hc〉s − 〈Hc〉n
]
, (27)
where ωc is the cutoff frequency for the interband transitions that Hc does not describe.
Using the above equation as well as the Kramers-Kronig relation between the conductivity
and the penetration depth, we obtain the normalized missing spectral weight (Nn−Ns)/ρs;
(Nn −Ns)
ρs
=
1
2
+
1
2
∑
ω
∑
k,p |tk−p|2[G(k, ω)G(p, ω)−G0(k, ω)G0(p, ω)]∑
ω
∑
k,p |tk−p|2F (k, ω)F+(p, ω)
, (28)
where G(k, ω) and F (k, ω) are superconducting Green functions and G0(k, ω) is in the
normal state.8,11
Since, in principle, all possible interlayer couplings might be present in a given sample,
we need to consider coherent and incoherent coupling at the same time. The actual c-axis
transport of quasiparticles is determined from competing effects between couplings. Based
on the conductivity sum rule, we can estimate the ratio (σco/σin), where σco (σin) is the
c-axis quasiparticle conductivity for coherent (incoherent) coupling. Since the sum rule does
not distinguish between t⊥ and t(φ), we consider two limiting cases: i) tk−p = t⊥δk−p+Vk−p
and ii) tk−p = t(φ)δk−p + Vk−p. As ω → 0 and T → 0, for the case with t⊥
σ = σco + σin = σco
[
1 +
σin
σco
]
= σco
[
1 +
4∆0σcn
πe2dt2⊥N(0)
(
γ
∆0
ln(∆0/γ)
)2]
, (29)
where we have used σco = 2e
2dt2⊥N(0)/(π∆0) and σin = (8/π
2)σcn [γ ln(∆0/γ)/∆0]
2 with
σcn = 4πnid(eV0N(0))
2. One may think that we need to know the ratio of |V0|2 to t2⊥ in
order to compare σco with σin. However, the conductivity sum rule helps us to estimate the
ratio (σco/σin) without ad hoc information.
Let us define η = ρs,co/ρs,in = (1/λ
2
co)/(1/λ
2
in), where ρs and λ are the corresponding
superfluid density and penetration depth, respectively. For coherent coupling
1
λ2co
= 16πe2dt2⊥N(0)
[
1
2
− 1
π
K(i∆0/γ)
]
, (30)
whereK is the complete elliptic integral of the first kind. For incoherent coupling, we assume
|V0|2 = |V1|2 for simplicity and to illustrate possible effects. Then,
12
1λ2in
= 32σcn
∑
ω
[
(κ′2/κ)K(κ)−E(κ)/κ
]2
, (31)
where κ = ∆0/
√
∆20 + (ω + γsgnω)
2, κ′ =
√
1− κ2, and E is the complete elliptic integral
of the second kind.11 Since γ << ∆0, η ≃ 8πe2dt2⊥N(0)/[12∆0σcn] and we obtain
σ = σco
[
1 +
(8/3)
η
(
γ
∆0
ln(∆0/γ)
)2]
. (32)
Since the total superfluid density ρs = ρs,co + ρs,in, it can be shown that
Nn −Ns
ρs
≃ 1 + 2η
2(1 + η)
+
1.08
1 + η
. (33)
Note that η in Eq. (32) can be determined from the violation of the conductivity sum rule
Eq. (33). η → ∞ corresponds to pure coherent c-axis coupling in which case the sum rule
Eq. (33) is conventional and equal to 1. On the other hand, η → 0 means pure incoherent
coupling and the sum rule is larger than 1 and equal to 1.58 in our model with |V0/V1| = 1.
A finite η corresponds to an admixture of coherent and incoherent c-axis transport. For
example, η ≃ 5 applies when (Nn − Ns)/ρs = 1.1, that is, there is a 10% violation of the
sum rule upwards. The sum rule itself determines the admixture of ρs,co to ρs,in, but cannot
differentiate between t⊥ and t(φ) for the coherent part. Limits on the relative size of these
two overlap integrals can only be set from consideration of the chemistry of the CuO2 planes
and their overlap or, alternatively, from experimental information such as the behavior of
σ(0, 0) when the impurity content is increased.
For the case with t(φ)
1
λ2co
≃ 16πe2dt2φN(0)

 3
16
− 2
3π
γ√
γ2 +∆20
E

 ∆0√
γ2 +∆20



 , (34)
where E is the complete elliptic integral of the second kind, and η as above with 3↔ 8 and
tφ ↔ t⊥. Following a similar way as before, we obtain
σ = σ′co
[
1 +
(8/3)
η
ln2(∆0/γ)
]
, (35)
where σ′co = σco with (3/4)↔ 2 and tφ ↔ t⊥.
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Note that t⊥ and tφ case both contribute in the same order to the zero temperature
c-axis superfluid density. For the pure case, assuming t⊥ and tφ are of the same magnitude,
the ratio of the two contributions is 8/3. This is in sharp contrast to what we found in the
case of σ(0, 0) where t⊥ contributes of order t
2
⊥ while the contribution from tφ is of order
t2φ(γ/∆0)
2 and so vanishes in the clean limit. Recently, Gaifullin et al.30 have measured
the temperature dependence of the c-axis superfluid density in Bi2212 and found that at
low temperature it is well fit by a form [1− A(T/Tc)α] with α of order 4 − 6 close to the
values reported for Hg1201.31 This finding favours a pure t(φ) model which is known to
give a T 5 law (Ref.20) and leaves little room for a subdominant t⊥ contribution because
in this case the c-axis penetration depth will mirror perfectly32 its in-plane temperature
dependence which goes like T . The data certainly preclude a linear T contribution to the
superfluid density of more than a few percent implying a ratio (t⊥/tφ) of order < 10
−1 at
most. In this instance, the ratio (γ/∆0) can easily be comparable to (t⊥/tφ) and can even be
the larger of the two. As an illustration in the experimental work establishing the in-plane
universal limit for the thermal conductivity18 the values of (γ/∆0) are of order <∼ 10−1.
Latyshev et al.13 quoted γ ≈ 3meV for their single crystals, which is of similar order. This
implies that in the experiments on Bi2212, the contribution to σ(0, 0) of each of t⊥ and
tφ terms are likely to be close in magnitude. Nevertheless, it is concluded in Ref.
13 that
the universal limit is observed so that t⊥ presumably still dominates. Additional work with
various values of γ, somewhat larger as well as smaller than used so far, should allow one to
establish the size of the important ratio (t⊥/tφ). This information, with the c-axis optical
sum rule, would allow an estimate of each of the three possible contributions to the c-axis
transport discussed in this paper. These parameters are important because they control
all c-axis transport. We point out here that we have considered separately the case t⊥ and
t(φ). If amplitudes are added and squared, a cross term of the form 2t⊥tφ cos
2(2φ) will
enter but this will not change qualitatively the conclusion made above. The contribution of
such a term to σ0 is (4e
2dN(0)/π∆0)t⊥tφ(γ/∆0)
2 ln(∆0/γ) and to the superfluid density is
14
16π2e2dN(0)t⊥tφ
[
1/2− (2/π)
(
γ/
√
γ2 +∆20
)
E
(
γ/
√
γ2 +∆20
)]
.
VI. CONCLUSIONS
We have discussed how the nature of the interlayer coupling influences the c-axis quasi-
particle conductivity σq(ω, T ) in the absence and in the presence of an in-plane magnetic
field. In zero field, σ(0, 0) is independent of the in-plane scattering rate γ, to leading or-
der, only for coherent coupling with a constant hopping amplitude. Also, σ(ω, 0) shows a
different behavior for different c-axis coupling. Similarly, the field effects depend crucially
on the nature of the interalyer coupling. For coherent coupling with a constant hopping
amplitude, an angular dependence of the conductivity σ(θ) appears in high field. The re-
sistivity ρ(θ) increases because the mismatch between k and k+ q decreases σ(θ), and ρ(θ)
is maximum (minimum) when the field is along the anti-nodal (nodal) line. This confirms
previous work.21 When the paramagnetic interaction is included, ρ(θ) is decreased because
this interaction is pair breaking and the anisotropy also decreases. For high field (Eq ≫ γ),
the eighth harmonic appears and can be seen in the θ dependence of ρ(θ). For coherent
coupling with an angle-dependent hopping amplitude, σ(θ) is insensitive to field direction
because this hopping amplitute eliminates the contribution of the nodal quasiparticles which
manifest the angular dependence. Also, the paramagnetic interaction does not significantly
change σ(θ). For incoherent coupling, only the paramagnetic interaction has an effect on the
c-axis quasiparticle transport and σ(θ) has no dependence on field direction. The coefficient
of the first temperature correction which goes like T 2 is anisotropic only in the constant t⊥
case and shows the same minima (maxima) as does the leading contribution.
The c-axis conductivity sum rule helps estimate separately the contributions from coher-
ent and incoherent coupling to the quasiparticle transport without microscopic information
on hopping amplitudes. However, it cannot, by itself, differentiate between contributions
from constant or angular dependent coherent hopping amplitude. To get separate infor-
mation on these two contributions, impurity studies could be used. Consideration of the
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temperature dependence of the c-axis superfluid density measured in Josephson plasma
resonance experiments already gives evidence that tφ is much larger than t⊥, but do not
unambiguously rule out a small t⊥ contribution which could still be large enough to dom-
inate the universal limit for σ(0, 0, ) in relatively pure samples (t⊥/tφ > γ/∆0). At the
same time, tφ would dominate the temperature dependence of the superfluid density. We
mention that the sum rule of Eq. (33) was derived under the assumption that the normal
state is Fermi-liquid like. However, if it has a non-Fermi-liquid nature such as a pseudogap,
the sum rule has to be modified to account for this; therefore, it is necessary to explore the
competing effects of interlayer coupling in a more fundamental theory which goes beyond a
Fermi liquid normal state.
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FIGURES
FIG. 1. For various values of Eq/γ(= 1, 4, 6, 12), resistivity ρ(θ)/ρ0 = σ0/σ(θ) as a function
of a direction of the in-plane field θ is plotted with (solid curve) and without (dashed curve)
the paramagnetic interaction. As Eq/γ is increased, ρ(θ)/ρ0 is increased, and for a high field
(Eq/γ = 12), the paramagnetic interaction unambiguously reduces the amplitude of ρ(θ) and its
anisotropy
FIG. 2. α(θ) in Eq. (10) shows finite temperature effects on the c-axis qusiparticle conductivity
for Eq/γ = 1, 2, and 3. The paramagnetic interaction is included. In the absence of the field,
α(θ) = 4/3 (dahsed line).
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